A Discussion of Theoretical Advances in Accelerating Samplers for Diffusion
Models

Score-based diffusion models can be formulated using either SDEs or their deterministic counterparts,
known as probability flow ODEs [36]]. While SDE-based samplers generate samples through stochas-
tic simulation, ODE-based samplers provide a deterministic alternative. Theoretical advancements in
accelerating these samplers have emerged only recently. A significant step toward designing provably
accelerated, training-free methods were made by [24], who propose and analyze acceleration for both
ODE- and SDE-based samplers. Their accelerated SDE sampler leverages higher-order expansions
of the conditional density to enhance efficiency. This was followed by the work of [25]], which
provided convergence guarantees for probability flow ODEs. Furthermore, [19]] studies the conver-
gence properties of deterministic samplers based on probability flow ODEs, using the Runge-Kutta
integrator; [41] propose and analyze a training-free acceleration algorithm for SDE-based samplers,
based on the stochastic Runge-Kutta method. [27] proposes a novel accelerated SDE-based sampler
when Hessian information is available. Another line of work involves the midpoint randomized
method. In particular, [15] explore ODE acceleration by incorporating a randomized midpoint
method, leveraging its advantages in parallel computation. A more recent work by [23] improved
upon the ODE sampler proposed by [[15]], achieving the state-of-the-art convergence rate.

We note that all of these works provide convergence analysis in terms of either KL divergence or TV
distance. Among these, [[27] accelerates the stochastic DDPM sampler by leveraging precise score
and Hessian estimations of the log density, even for possibly non-smooth target distributions. This
is achieved through a novel Bayesian approach based on tilting factor representation and Tweedie’s
formula. [19] accelerates the ODE sampler by utilizing p-th (p > 1) order information of the score
function, with the target distribution supported on a compact set and employing early stopping.
These two works are the most similar to our proposed accelerated sampler in that they all rely
on the Hessian information of the log density. However, their settings differ from ours, and their
convergence analyses are neither directly applicable to our framework nor precisely expressed in
terms of Wasserstein distance ]

B Proof of Section[3|

We define several stochastic processes associated with the backward process X~ and the sample
path ©J,,. First, recall that X~ is described by the following SDE:

1
dX; = <2X§_+V10gpt(X§_)) dt + dW,, X5 ~pr

and {9%,0 < n < N} satisfies the iterative law:
79%+1 - g}? (195, {Wt}nhgté(n-&-l)h)v
where o € {EM, EI, REM, REI, SO}.

Based on X, we define the following two processes, {Y;,0 < ¢ < T} and {f@, 0<t<hl Y,
satisfies the SDE

1
dn=Qn+w%thOM+mw Yo ~ pr.

Y, actually relies on X £ on the time interval [nh, (n + 1)h] for each n. However, we only need this
notation in the proof of one-step discretization error, then we allow for some slight abuse of notation

by omitting n, since it will not lead to any confusion. Therefore, {fft, 0 < t < h} satisfies

- 1~ - N
dm:@n+w%mtm0u+aw Yo = O (12)

“When the target distribution is compactly supported, Pinsker’s inequality allows translating TV or KL
divergence into Wasserstein distance. However, this often yields loose bounds, especially in high dimensions,
where the actual Wasserstein distance may be much smaller.
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Regall thgt we h?\\;e defined two processes YREM and ¥RE!, in Section[3.2] that s, for any u € [0, 1]
andn =0,---, s

g = (1+ %WSEM + uhs (T = nh, O3FM) + Vuhé,,

195_E|_|u = eUh/2gREl L 9(euh/2 _ 1) s, (T — nh, 9RE") + \/euh —1¢/, .

This section is devoted to proving the convergence rate of the diffusion model under various dis-
cretization schemes. To this end, we need the following auxiliary lemmas.

Lemma 6 (Lemma 9 in [13]]). Suppose that Assumptionholds. Then, V log pi(x) is L(t)-Lipschitz,
where L(t) is given by

e'Ly if t <log(l+

uwzmwu—éﬂ”ﬂwdz{O_KWJ if t > log(1+ |

1
)
o)
Therefore,

L(t) <Lo+1.

Lemma 7 (Proposition 7 in [13])). Suppose that Assumption |Z holds. Then, V logp:(x) is m(t)-
strongly log-concave, where m(t) is given by

1
e~t/mog+ (1—et)’

m(t) =
Therefore,
m(t) > min{l,mp}.

Combining these two lemmas, we conclude that the Hessian matrix of log p; satisfies the following
condition

—L(t)Iq < VZogpi(-) < —m(t)1y.

We will frequently use Gronwall’s inequality in the proof. Below, we present a specialized form
tailored to the relevant processes.

Lemma 8. Suppose the Assumption[I| holds, consider two stochastic processes Hy and Gy defined on
the time interval [ty,t5), if they satisfy the same SDE, especially motivated by the same Brownian
motion, which means that
1
dH, = (5H: + Viogpr—i(Hy)) dt + AW,
1
4G, = (§Gt + v1ong,t(Gt)) dt + dW,.
then for each t € [t1,12),

— [P (m(T—-s)—3%)ds
1H, = Gy, < e 09729 151G, |, .

Applying Lemma 8 to different processes and time intervals, we derive the following inequalities
essential for our proof.

which follow from the fact that {Y;,0 <t < T}, {}7}, 0<t<h}l, {XF,0<t< T} all satisfy the
same SDE as in Lemma by applying a time-shifting operator to Y;.

Tt (m(T—s)—1) ds

Yontt — Y L <t . Vtelo,n]. (13)
2

Lo
1¥; = X[, < e lomT=o=ads iy, — x|, v e [0,T). (14)

Yon — 570‘
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B.1 Proof of Theorem[It Part I

In this part, we provide the first part of the proof of Theorem[I, with respect to Euler-Maruyama
method. To achieve this, we first prove the one-step discretization error in the following proposition.

Proposition 9. Suppose that Assumption[I, 2 and[3 are satisfied. Then, the following two claims
hold.

(1) Firstly, it holds that
Hffh — ﬁgmlHLQ ghQ(Cl(n)2 + M) ||Ynh — ﬁEMHM

+ 1*2VdC,y (n)
+ hese,
where
1 1 (n+1)h
Ci(n)=-+ / L(T —t) dt,
2 h nh

02(n) e f[;Lh(m(T—t)—%)dt HYO _ XTH]LQ ,

C 1 (nﬂ)hdLTf 1/2 4
3(n)—h . (dL(T —t))"/= dt,

Cy = sup ||Xt||L2.
0<t<T

(2) As a result,

Vs — 0584 | < rEM [V — 05N+ R2CEV 4 12V () +

where

TEM — e fT(Lz+1)h(7rL(T—t)—%)dt + hQ(Cl(n)2 + ]\41)7

CEM = Cy(n) (Cl(n)Cg(n) + %cu + Cg(n)> + M (14 C2(n) + Cy).

Proof. We prove the two claims sequentially.
Proof of Claim|(1)| Rewrite display in the integral form,

(n+1)h

h
~ ~ 1=~ ~
0 nh

For Euler-Maruyama method, we can write 195% in integral form as follows

(n+1)h 1 (n+1)h
YEM, = pEM +/ (2195“" + 5.(T — nh,ﬁ,‘i”‘)> dt +/ dw;.
nh nh
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Note that Yy = 9¥EM, then, it holds that

1

h h
5 [ (im0 at s [ (Viogpr(30) — s.(T — b, 05 di
0 0

Y EM
[ - o224
Lo

Lo

1 h B h _ B
<z / (Y —Yp)dt + / (Viog pr—nn—t(Y:) — Viog pr—nn—t(Yo) dt
0 0

2

Lo

I

h
+ / (V1og pr—nn—t(VEM) — Vlog pr_nn (WEM)) dt
0

Lo

II

h
+ / (V10g pr—nn(VEM) — 5. (T — nh, 9EM)) dt
0

Lo

I
15)

Here, we decompose the term Hffh — 195'21 H into a sum of three terms and then control each term
Lo

individually.
For the term I of inequality (I5)), by Assumption|1|and Lipschitzness of V log p;, we obtain

1

h h
5 [ Gi=Toydes [ (Viogprom-u(i) - Viogpr_-i(Fo))de
0 0

1 h h
<= ‘ dt+/LT—nh—t’
2/0 e [ )

1 (n+1)h
< fh—i—/ L(T —t)dt] sup
2 nh 0<t<h

We then proceed to derive the upper bound for the term supg¢; ¢y, ’

I=

Lo

dit

i i)

i i)

Lo

7 i)

2

Y- Yo

2

Lemma 10. When py satisfies Assumption[l} it holds that

1 (n+1)h M
]L2< §h+L L(T —t)dt ||Ynh_19n ||]Lg

a0
h

0<t<h

1 e — (T =)= )t
(g [ LT ] BTy

1 (n+1)h
+=h sup |\Xt||L2+/ (dL(T — t))Y/% dt + Vdh.
2 o<i<r nh

Notice that we have no initial limit on the Y; in Lemma which means that we can use this lemma
to any discretization scheme.
For the term II of (13)), we first rely on Assumption [2]to derive

h
T = ‘ / 3% 1ngTfnh7t(19$LM) - VIngTfnh(ﬁELM» d
0

h
< / V108 pr—nn—e(9EM) = Vlog pran (VEM)]| . dt
0

< h2M(1+ WEMHLQ-
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Using the triangle inequality and (I4), we obtain
[ORM N, <Y = ORI, + 1Yo — Xoinll, + 10l

<[V = Ml e~ B PEOD g+ s (Xl O
2 2 < < 2
For the term III of (15), it follows from Assumption [3]that
h
1 = / (V log pr_nn (9EM) — 5., (T — nh, 9EM)) dt
0 L,
h
< / HVlong,nh(ﬁEM) —s.(T — nh7195'v')’|L2 dt
0
< hese.
Combining these terms above, we obtain that
|7 = o2 | <h2 )+ ) [ ¥on = 05
1
+ h2 [Cl(n) (Cl(n)Cg(n) + §C4 + Cg(n)) + M1 (1 + Cg(n) + C4)
+ B¥2VdC, (n)
+ hese,
a7
where
1 1 (DR
C =—+4 - L(T —t)dt
=5+ [ LT-pa
— o= St m(T—t)— %) dt _
Ca(n) =€ o 2T Yo = Xollg,
1 (n+1)h
Caw =3 [ (L - v)" 2,
nh
Cy= sup [ Xefly, -
0<t<T
This completes the proof of Claim |(1)]
Proof of Claim|(2)| By the triangle inequality, we have
||Y(n+1)h - 197ELI\.|/-I1||L2 < H}/(n+1)h - Yh Ly + Hi}h - ﬁ5m1’ Lo . (18)
Applying to the first term of (18), we obtain that
~ 2 n+1)h ~ 2
[¥owen = Fa| < em B emr-o-nac |y, 3, (19)

Notice that Y, = 9EM, it then follows that
[¥orrin =73
Claim |(2)|follows directly from our previous results and Claim Since this step is independent

of the discretization method, it applies to all the schemes discussed in this section. In the following
analysis, we omit this step and proceed directly with the proof of the first claim. O

Sse fT(LZJrl)h(m(T?t)i%) @ HYnh - ﬂrELM HIL !
2

Lo

We now proceed to derive the upper bound of the Wasserstein distance between the sample distribution
generated after /V iterations and the target distribution pg, based on the one-step discretization error
bound given by Proposition[9]

First, note that
Wa (L(9SM), po) < ||9RM - XOH]L2 < || Yan - ﬁJEvMHM + 1Yan — Xollp, -
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Invoking Proposition 7 of [13]], we have
T
[Yin = Xolly, < e Jo ™ @ x|, . (20)
According to Proposition[9] by induction, we obtain that

|Ynn — 9% ||]L <rfty [Yiv—nn — 79]EVM_1||]L (hQC’N 1 +h3/2\/gC1(N—1)+hssc)

—1 [ N-1
HGEM 1Yo — 05"l +Z [T 5" | (R2CE" + n¥/2VACy (k) + hes)
k=0 \j=k+1
N-1 [ N-1
- rE | (R2CEM + W¥2VACH () + hese )
k=0 \j=k+1
21
where we define [}y 7E = 1. Notice that
T Em = — fUFDR (T —t)— 1) dt 2 2
IT "= 1II > DR ) + M)
j=k+1 j—k+1
H e~ h(Mmin— % :efh(mm;nfé)(karfl).
j=k+1

Therefore, we have

N-1
[Yivn = 01|, S e hlmmn=2)(NV=k=1) (hQC,EM + B32dC, (k) + hssc)
k=0

1
<———— (A max CEM4+r%2Vd max  Cy(k)+ hes.
1 — e~ M(Mmin—3) 0<k<N—1 0<k<N—-1
1 —
Nmmin - 1/2 ( dhOégfngag/gfl Cl(k) * ESC) .

(22)
Recall the definition of C1 (k) and the upper bound of L(t), it follows that

1
max Cl(k) g -+ Lmax;
0<k<N—1 2

and thus we obtain that

Lax +1/2 1
Vdh - Linax +1/2 +e

HYNh_'g H]L ~ Mmin — 1/2 © Mnin — 1/2°

Plugging this back into the previous display then we have

max+1/2 1

W ( £(9EM < = ST m(t)dt X _
2( ( N)apo)me ° || OH +\/7 71/2—’_ mmin71/2’

which completes the first part of the proof for Theorem

B.2 Proof of Theorem[I} Part II

This part aims to prove the Wasserstein convergence result for the Exponential Integrator (EI) scheme.
We will prove this theorem using the same method as in Theorem [T, Following this approach, we
first establish the one-step discretization error in the proposition below.

Proposition 11. Suppose that Assumption|[I, [3and 2 hold, then one-step discretization error for
Exponential Integrator scheme is obtained from the following two bounds.
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(1) It holds that

- 2(eh/2 -1
HYh — ﬁﬁ'ﬂHLz <h? (Cg,(n)C’l(n) + Ml(eh)) [Yon = 95|,

) 1 2(eh/? — 1)
+ h*/2V/dCs(n)
2(eh/2 — 1
where
1 (n+1)h . 1
Cs(n) = E/ e (VA= [T _ 4y dt &~ Cy(n) — =
nh
(2) Therefore, we have the bound for one-step discretization error
2(eM/? — 1)
¥ = 05hall, < 8 Y = 081, + KOS+ w¥2VaCs ) + - 25 = Ve,
where
iR h/2 _
TEI e LD ((T—t)—1) dt + K2 <C5(n)01(n) 4 M, 2(e - 1)) ’

2(eM? — 1)

1
CE' :C’5(n) <01 (n)C'g(n) + 504 + Og(ﬂ)) +
Here, the constants C;,1 = 1,2, 3,4 are as defined in Proposition

Proof. We prove two claims in succession.
Proof of Claim|(1)} Consider the process defined in (12)), which satisfies the SDE

- 1~ -
dY; = [2Yt + VIngT—nh—t(}/t):| dt + dWs,
Instead of integrating both sides of the SDE, we use 1t6’s formula to e~ 2Y,, then we have

t -~ 1 t .~ t ~ t ~
d(e™3V;) = —5e # Yy 4 e B dY = o7 (v log pr—nn—e(V2) dt + th) :

and we notice that we can write it in an integral form.

nh+t

t

Y, :et/2%+/ 3= S)Vlong s (Ys) ds_|_/ e3((n+1)h—s) dW,.
0 nh

Then we obtain that

Y, — 08, = /h 2" (T log pr_pn_i(Yy) — s.(T — nh, 9E") dt
‘We make decomposition the saome as the one in (13)), that is
Viog pr—nn—t(Y2) — 8.(T — nh,95") = Viog pr_pn—+(Ys) — V1og pr—nn_+(Y0)
+ Vlog pr—nn_t(98') — Vlog pr_nn ()
+ Vlog pr_nn(9E) — 5.(T — nh,95".
It then follows that

h
HYh— n+1 /0 3 (h=1) ‘Vlong whet(V2) — s(T — nh, 95| dt

Lo

h
e2(h=t) ‘VIOgPT nh—t(Y2) = Vlog pr—nn—¢(Yo)

N

dt

L2

0

h
—i—/ 3(h—t) |V 1og pr—nn—t(95") — V1og pr—nn( E')HM dt
0

h
—|—/ e3(h=t) ’Vlong nh(ﬁE)—s*( —nh,ﬁ,’i')”m2 dt
0
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Note that apart from the exponential term ez("=1) the derivation of the remaining parts is completely

consistent with that of (I5), until we encounter the term involving ¥E!, at which point we obtain

h
/ e%(h_t)L(T —nh—1t) dt) sup

0 0<t<h

" 300 ) a1+ |08
([ (1 o8], )
h
+ </ ez (h=t) dt) Ese-
0

By Lemma [I0, we can bound the first term on the right-hand side of the previous display. More-
over, from (16), |19,EL' HM can be bounded similarly. Substituting all coefficients with C;(n) from
Proposition[9] we obtain

7, - 7|

T
H b= Una

Lo

- 1
HYh - ﬁﬁ'HHLQ <h?- Cs(n) [Cl(n) [¥r =95l + Ca(m)Caln) + 5Ca + C’g(n)}

2(eM? — 1)

p2. = 7/
h

+ 1*/2VdCs5(n)

2(eh/2 —1

2(eh/? -1
=h? (Cs(n)ol(n) + Ml(eh)) [ Yon — ﬁEMH]LQ

M, [1 + ||Yor — §5M||M + COy(n) + 04}

+h-

) 1 2(eM/? — 1)
+ h C5(7’L) Cl(n)C’Q(n) + 504 + 03(71) + ?Ml(l -+ Cg(n) + 04)
+ B¥/2V/dCs5(n)
2(eM/? — 1
+h- %5%7
where
1 [tDh 1
Cs(n) = 7/ ez (VA=) (T _ 4y dt ~ C1(n) — =.
h Jon 2

Proof of Claim |[(2)} The proof is omitted for brevity, as it merely requires incorporating
HY(n—H)h - Y, H into the conclusion of Claim following a similar argument as in the proof of
L
Claim|(2)|in Propésition 9}
O

For the second part of the proof for Theorem([T] recall that in the first part, the three key steps (20),
and lead to the desired result. We now revisit these steps within the framework of other
discretization schemes.

Since is independent of the discretization scheme, we can directly apply it throughout the proofs
of Theorems ll Eand E For (21)), we note that the h? term in 7§ is neglected, which results in the

N-1 : -
same upper bound for [[;_, " | 7" across all discretization schemes.

Given the consistency of these two steps, for the remaining discretization schemes, we can directly
derive an analogue of (22)) from Claim[(2)| Therefore, in the subsequent proofs of these theorems,
after establishing the corresponding proposition, we proceed directly from an expression similar to

22).
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For this theorem, we begin the proof with the following inequality
1

S

! (\/% max 1C’5(k)+€sc)

[Ynn — 9% (hc,f' + ht/2Vd jmax Cs(k) + s)

<k<N-1

™~ Mpin — 1/2 0<k<N—
Lmax 1
<Vdh - —max R
Mmin — 1/2 T Ese Mmin — 1/2

Combining this with the bound of || X — Y3 ||, we obtain
Wa(L(05), po) S e |[Xoll,, + V- —m gL
~ L2 Mmin — 1/2 Mmin — 1/2

as desired.

B.3 Proof of Theorem 3t Part I

In this section, we prove the Wasserstein distance between the generated distribution £(JREM) and
the target distribution. The following proposition is established for the one-step discretization error.

Proposition 12. Suppose that Assumptions|[I] 2| and[d are satisfied, the following two claims hold.
(1) It holds that

|7 —om)|,
o ) ) 1/2
< h2{ [/ / {|u —v|L(T — (n + u)h) (2 + L(T - ”h)) + Ml} dudv}
o Jo
+ LL(T —nh) + 1 Yo, — ORE|
43 8v/3 b2

+h2{{/01 /01{(u—v) [(;—&-L(T—nh)) Cg(n)+;C4+(dL(T—nh))1/2} L(T — (n+u)h)

2 1/2
+ My (14 Ca(n) + C4)} dudv}

1 1 Lo
+ g (Gt +C) + (L(T — nh)Cy(n) + (dL(T — nh))" ) }
4o 1 1 , 1/2 1
+h/{\/a[/o /0 L(T — (n + u)h) |u—v|dudv] +2\/§}
+ 2hege.

(2) Moreover, it holds that
[Yins1yn — O || < rREM Yo — O, + B2CREM + B32CREM + 3he,,
where

_ (n+Dh a1
TSEM —e /. (m(T—t)—5)dt

+h2{ /01 /01 {|u—v|L(T— (n +u)h) (; +L(T—nh)> +M1r dudv]
+1L(Tnh)+1},

1/2

43 8v/3
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CREM _{ /01 /01 {(u _ ) K; (T - nh)) Co(n) + %(14 +(dL(T - nh))m] L(T - (n +u)h)
+ My(1 + Co(n) +C4)}2dudv}1/2

+ %(CQ(TL) +Cy) + (L(T —nh)Cy(n) + (dL(T — nh))1/2)

1
83 43
1/2
CREM :\/ﬁ[ 1/1L(T—(n—f—u)h)Qu—v|dudv] —i—i.
’ 0o Jo 2\/§

Proof of Proposition|[I2] Proof of Claim We make the following decomposition of one-step
discretization error

|95 = o= < [[9h — Bur, [0REH| + 1w, [0F5) - 075 23)

I, -

We first derive the upper bound for the term Hffh —Ey, [1925_'\{']

. By the definitions of YREM and
Lo

Y}, we have

‘ 2

1 (. h . 1
- H 5 / Y, dt + / Viog pr_nn_t(Yz) dt — Eh]EUn (IRENM) — hEy, [s.(T — (n + Uy,)h, 9REN)
0 0

Y;, — Ey, [9REY] .

Lo

Notice that

h h
/ Y; dt = hEy, [Yu, 1], / Vlog pr—nn—t(Yy) dt = hEy, [V log pr— (ntv, )n Yu,n)] -
0 0
Plugging this back into the previous display then gives

|7 — Eo, 554,

2

1 8 . 1
= H FhEu, Yu,u] + hEy, [V1ogpr—(nyv,n(Yu,n)] — FhEu, (IRE0) = BEy,, (s (T = (n+ Up)h, 9550))

Lo

1 - -
< 30 |[Bu, B = 0558, + 1 |[Eu, (V108 pr—u s, n(Fi,n) = s2(T = (n+ Un)h, 9558, )]
2

2

By the definition of Yy, , and 9REY, | we have

HEUn Yo, n — 1955'\1/},)]

Lo
L Unh . -
= ||Ey, 5/0 Yy — 9, )dt+/0 (Viog pr—nn—t(Yy) — s:(T — nh,9;,"")) dt
L Lo
[ pUnh Unh .
< ||IEo, 5/ HYt—ﬁEEMH dt+/ HVlong_nh_t(Yt)—s*(T—nh,ﬂEEM)H dt]
L 0 0 Lo
1 fh - h -
< |[Eo, §/ |2 — o5 dt+/ |V 10g pr—uno(V2) = s.(T = nh, 05| dt]
L 0 0 Lo
1 [P h -
< f/ ‘Yt—ﬁEEM dt+/ HVIngTfnhft(Yt)_S*(T_nhvﬂrRLEM)‘ dt.
2 Jo Lo 0 Lo

The second inequality arises because the integrand is non-negative, the last inequality follows from
the fact that the random variables inside the inner expectation Ey; are independent of U,,, and thus
the inner expectation can be ignored. Then using the same argument as in the proof of Proposition 0]
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especially adopting the same procedure as the one following (15), we can apply the conclusion of
Proposition[9]to the term above, then we obtain that

1 (n+1)h 5 N
< 7h+/ L(T —t)dt | sup HYt—YO

/ REM
HEU% Yu,n — 9030 ] 5 . S
It

2

(n+1)h
+ / [V log pr—nn—t (95™) = 5.(T — nh, 95F)]| | dt
nh

<P (Cr(n)? + My) |[Yon — ORM|
+h? {01 (n) (C’l(n)CQ(n) + %(14 + 03(n)) + My(1+ Ca(n) + Cy)

+ 1¥2VdCy (n)
+ hese

é h2T1 ||Ynh — 195EM ||]L2 + h27“2 + h3/2\/(§01 (n) + hESm

where

T1 :Cl(n)2 + Ml,
1
9 :Cl (n) (Cl (n)Cg(n) + 504 + Cg(n)) + M1<1 =+ CQ(TL) + 04)
We now derive the upper bound of the second term in . Note that

HEUn [V1og pr—(niv,yn (Yintvan) — $«(T — (n+ Un)h, OREN, )]

1
é/ HVIogPT—(nJru)h(Y(nJru)h) —5(T = (n+ u)h,z?fli’\ﬁ) )
) 2

Lo

1
/ (v IngT—(n—i-u)h(YV(n—&-u)h) — Sx (T - (’I’L + u)h> 1955’\1/1)) du
0

Lo

du

(24)

1
é/ ( HVlong—(nm)h(Y(nJru)h) - VIngT—(nJru)h(ﬂﬁf_"ﬁ) )
" 2

b [V o pr s (FEM) — 5. (T — (-4 ), ﬂﬁimnM) »

1
g/ L(T — (n+ u)h) Hf’(nﬂ)h — IR
0

du + €se,
L2
the second inequality follows from the triangle inequality, and the last inequality depends on Assump-
tion|1|and 4| By (17), changing the value of & to uh, we have

Hf/(mru)h —oRE

Lo
< (uh)*(Crn(w)? + My) ||V — O5EM|

#h)? [Cn(0) (CLa(u)Calo) + 51+ Cunlw)) + 101+ Cal) + €)@
+ (wh)**VdCy ()

+ uhege,

where C1 ,,(u) and C ,, (w) is the uh-version of C;(n) and Cs(n), respectively, that is
1 1 (n4u)h

Cl,n(u) :§ + E . L(T — t) dt,

1 (n+u)h s
Canl) =ap [ (LT = 1) 2at,
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Plugging the previous display back into display (24), then rearranging and simplifying the
expression, yields

B, (9108 27— Fiasv,n) = 52(T = (0 + U, 955 )|

< h? (/01 L(T — (n 4+ w)h)u*(Cy n(w)* + M) du) Yo, — 095V I,
+ h? {/01 L(T — (n + u)h)u? [Clm(u) <cl,n(u)02(n) + %04 + 03771(u)) + Mi(1+ Ca(n) + 04)] du}

+ h3/2 (/1 L(T — (n + uw)h)u®/? du) VdCy (n)

0
1
+h (/ L(T — (n+ u)h)udu> Esc
0
JreSC
é h2’l"3 ||Ynh — 197ELM ||IL2 + h27"4 + h3/27"5 + hre€se + Eses

where

7“3:/ L(T = (n + u)h)u2(Ch n(w)? + My) du,
0

T4

/01 L(T — (n + u)h)u? [Cm(u) <cl,n(u)02(n) + %a; + cgyn(u))] du+ Mi(1+ Ca(n) + Cy),

s

(/01 L(T — (n 4 u)h)u®? du> Vdc(n),

1
re = / L(T — (n + wh)udu.

0
From the bounds we have obtained for two terms, it follows that

|7 — B0, 055N

2

1 1 1 1
<H§m+@Hmm—ﬁwb+W%m+uyHW%?GQMng+M%+mkw+mw
(26)
Considering the second term of one-step discretization error

9 — By, D]

1
= Sh [R50 — Eu, [0R501] + b [su(T = (n + Un), 955Y) = Bu, [4(T — (n+ Un)h, 0750)]]

_ 1]t _ L, Rem 1 _ REM
_2h[2h(Un 2)19n + h(U, 2)3*(T nh,9,"")

1 (n+Un)h 1 (n4u)h
+ —h / th - / / th du

2 nh 0 nh
+ h [:(T = (n+ Un)h, 935) — Eu, [s4(T — (n + Up) b, 9550)]] -

27
The second equality follows from the fact that
1 (n4Un)h
Ey, [0REV] = oREM 4 3Eu, [UnJOREM 4 By [Un]s. (T — nh, 9REM) 4+ By / dw,
nh
= YREM 4. ZhﬂﬁEM + Shs(T - nh, 9REM) 1 / / dw; | du,
0 nh

since U,, is independent of JREM.
We proceed to bound each term in (27)). For the first term, still notice that the independence between
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U, and 9REM then we find that

!

)ﬁREM
9/7n

1
@, (U — )5

= {E Ey,
L, I

%

~{&[entwn- o1 o]
- U, n 9 n

(1 2112

5 o] }

95, -

I
—
=

— 1 |
2V3
The bounding of another part of the first term follows in a similar manner, we obtain that

1
(U, — 5)3* (T — nh, 195EM)

s(T — nh,ﬁEEM)HL2 .

— 1 |
L, 2V3
For the second term of (27), notice that due to Itd’s isometry formula, for any well-defined stochastic
process X; and its Itd stochastic integral I;(X) = fot X, dM,,, we have

t
E[l;(X)*] =E / Xo d(M).,, (28)
0
then we can establish a lemma.

Lemma 13. Suppose W, is a d-dim standard Brownian motion, then

(n+-Un)h 1 (n+u)h 2
/ th — / / th du
nh 0 nh

Lo

h
<z
3

For the third term of (27), we get
[84(T = (n+ Un) b, 550) = Buy, [ (T = (0 + Un)hy 3501

_ {IE /O 1 { /0 T (B (T (n 4+ 0 ) dv}

1
/0 $4(T — (n + Up)h, 9REM) — 5. (T — (n + v)h, 9REM) dv

Lo
2

1/2
du}

1 1 1/2
< {IE/ / [5:(T = (n + u)h, 9REN) — s.(T — (n+ v)h, 1955“{,')]2 du dv}
0 0

1l e
_ { /O /0 [54(T — (n+ w)h, 9REM) — 5, (T — (n + v)h, OREV)||” dudv} ,
Then by the triangle inequality and Assumption[d] we have
Hs*(T — (n 4 u)h, 9FEM) — s (T — (n+v)h ﬁREM)H]LZ

» Ym+u » Ym+v
< [se(T = (n +w)h, 955 = Viog pr— w0530 ||,
+[[8:(T = (n +0)h, IR = V10g pr—(nroyn(Tngo)[|1, (29)

Ei’g) -V long—(n-&-v)h(ﬂsihg)HLz

<250 + HVIngT—(n-&-u)h(ﬁEE\ﬁ) -V 10ng—(n+v)h(195~E'r’\£)”L2 .

Combining the three terms of (27) together, we have

+ Hv IngT—(n+u)h<19

1 1 .
[OREY — Eu, [1955-'\{']”]LQ < 87\/§h2 HﬁSEMHLZ + mh? (T — nh’ﬁrRLEM)HLZ n T\@hg/g
1,1 e
+h{/0 /O 19108 pr— (107 (IREM) — V 1og pr_ (s (ORE)||7 dudv}

+ 2hege.
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By applying the same technique used in the proofs of Proposition[9/and Proposition [IT] the upper
bounds for ||19$LEM H]L? and Hs*(T — nh, YREM) H]L2 follows readily. Thus, the proposition follows

immediately from the bound on the second last term. We now consider the case for v > v, due to
Assumptions|[T]and 2]

HVIngT—(n—&-u)h(ﬁSE\ﬁ) -V 10ng—(n+v)h(195~E'r'\1/)l)HL2
< L(T = (n+ u)h) | ORE — o[, a1+ [R5, ).

Since

REM REM REM REM (ntu)h

o — oS, < = A 055 + oo — | [
(n+v)h Lo

1
2
< %(u —v)h (”Ynh - ﬁEEMH]LQ +Ca(n) + O4>
+ (u—v)h [gsc + L(T — nh) (HYnh — YREM Hm + Cg(n)) + (dL(T — nh))l/Q}
+ vV (u—v)h
1 REM
< (u—v)h {2 + L(T - nh)} [V =957,

+(u—)h {(; + L(T — nh))Ca(n) + %(14 + (dL(T — nh))l/Z]

+ v/ (u—v)dh + (u — v)hege.
The second inequality follows from (16), Assumptions|I] B]and Lemma|[I8] Similarly,

[l < 19ns = on I, + 957",

1
<o g+ 1 = )| Yo — 05,
+ vh {(; + L(T — nh))Ca(n) + %Cﬂl + (dL(T — nh))'/?

+ Vodh + vheg.
+[[Yan = ORM|| 4 Ca(n) + Cu.

Therefore, we obtain that

||V IOg Pr—(n4u)h (1955»’\3) -V IOg pT—(n—&-v)h(ﬁSE\g) H]Lz

<h{(u ) B 4 LT - nh)} L(T = (n+u)h) + Ml} [¥un — 9FEM|,

+ h2Myv B + L(T — nh)] [Yor =057,

+ KM, K; + L(T — nh)) Cy(n) + %al + (dL(T — nh))”z]

+ 1*2 M Vvd

+ h{(u —v) [(; + L(T — nh)> Co(n) + %@ + (dL(T — nh))l/r‘} L(T — (n+ u)h)
+ Mi(1+ Ca(n) + 04)}

+RY2L(T — (n +w)h)\/(u —v)d

+ h(u —v)L(T — (n +u)h)ese + h® Mive,e.
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We claim that we only consider the lowest order of each part, which means the relative higher order
term with the combination of d and h will be ignored. Then take the supremum with respect to v

1/2
2
{/O /O HVlong—(nﬂ)h(ﬂﬁ\ﬁ)—Vlong—(n+u)h(19ﬁi“ﬁ)||L2 dudv}
e 1 2 1/2
<h{/ / {'“_”L(T_("”)h) <2+L(T—"h>> +M1} dudv} ¥ — OFEM|,
1/2
hu%/{/l/ ”+U)VU—UMum]
1/2
+h[/ / (uv)QL(T(n+u)h)2dudv} ol
0 0

(30)
Combining the above,

[955 — Eu, REN,

th (HYnh o ﬂEEMH]LQ + Cg(n) + C4)

+ 47h [e + L(T — nh) (HYnh —9RM|| c2(n)) + (dL(T

nh))?]
h3/2

+h2{/ / {uv|L — (n+u)h) (;+L(Tnh)) +M1]2dudv}1/2||ynhﬁﬁEMHM
+h2{/ / {uv [( + L(T — nh))C’g(n)+;C’4+(dL(T
2 1/2
+M1(1+02(n)+04)} dudv}
h?’/QWU/ — (n+u)h )Qu—v|dudv]1/2
+ h? UO /0 (u—v)2L(T—(n+u)h)2dudvr/2556

+ 2heg,

nh))l/z} L(T — (n+ u)h)

{ U / [Iu — 0| L(T = (n + u)h) (; b LT - nh)> +M1]2 dudv] 1/2

gt ) [ = 05

+h2{{/ / {u—v K + L(T —nh)> C’g(n)+%C’4+(dL(T nh))1/2] L(T — (n+u)h)
—|—M1(1+Cg(n)+C4)}2dudv}l/2

1 1
+ 8—\/3(02(71) +Cy) + M(L(T —nh)Ca(n) + (dL(T — nh))l/Q)}

1/2
+h3/2{\/3 {/1/1L(T—(n—|—u)h)2|u—v|dudv} / —|—1}
o Jo 2V/3
+ 2hege.

3D
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Compared to the term Y}, — Ey, [195?\{'] we can focus on the lower-order terms, ignoring the score

matching error. Therefore, we have

S REM
HY(n+1)h —Unti HL
2

h2{ /01/01 {|u—v|L(T—(n+u)h) (;—i—L(T—nh)) +M1rdudv
a0 i)

L(T — nh) +
h?{{ /01 /01 {(u ) K; + LT — nh)) Co(n) + %al - (dL(T — nh))l/Q] L(T = (n+ w)h)

1/2

1/2
Yo = 925,

+

- L(c (n) + Cy) + L (L(T —nh)Ca(n) + (dL(T — nh))1/2>
8\/3 2 4 4\/§ 2

+ 3hese.

Returning to the proof of Theorem 3] by the conclusion of Proposition[I2] we have

1
uyNh-wREMuhs._m(h g CE Ay O )

0<k<N -1 0<ESN—
\/ Lmax + 2\[ . 3
Mmin — 1/2 ¢ Mmin — 1/2 .

This completes the first part of proof for Theorem 3]

B.4 Proof of Theorem 3t Part II

We begin with the following proposition.
Proposition 14. Suppose that Assumptions|[I| 2| and [ are satisfied, the following two claims hold

(1) It holds that

\/ REI
Lo

h2{/01/01 [|u—vL(T— (n+u)h) (; —|—L(T—nh)> + M

5 1/2
+%\u—v|L( —(n+v)h)r '(v)} dudv} HYnh—ﬁEE'HLQ

o | ez _e2(—wh , 1/2
+h - 3R L(T — (n + u)h) [Cz(n)+04+2L(T—nh)Cg(n)+(dL(T—nh)) / }

4 eb-whyp [1 e ([ ( — nh)Ca(n) + (dL(T — nh))1/2) + Cy(n) + 04}

|e%(17u)h %(1 v h‘

+ . (L(T (n +v)h)Ca(n) + (dL(T — (n+v)h))1/2)}
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+ h3/2\/3{ /1 /1 L(T — (n + uw)h)?|u — v|du dv}1/2
+ 3hege. v
(2) Furthermore, it holds that
Yo = 9, < P [V — 055+ HCRE) 4 2R 1 B,
where

n+1)h
TSEI — e SO (n(T—t)— 1) de

+h2{/01/01 [u—v|L(T—(n+u)h)(;+L(T—nh))

1 2 1/2
+ My + §|u —o|L(T = (n+ U)h)rgl(v)} dudv} ,
e%(lfv)h _ 6%(1771)}1, .
CREl = - e L(T — (n+ w)h) [Cg(n) 4 Cy + 2L(T — nh)Cs(n) + (dL(T — nh))w]

tet-whyp [1 + 2edvh (L(T — nh)Cs(n) + (dL(T — nh))1/2) + Coln) + 04}

|e%(1—u)h _ e%(l—v)h| (

+

- L(T = (n+ 0)R)Ca(n) + (AL(T = (n+ v)h))"/?) ,
1 1 1/2
Cff,%'zﬁ{A A L(T—(n+u)h)2|u—vdudv} .

Proof of Proposition This proposition can be proven following the same approach as in the proof
of Proposition 12, with the only difference being the inclusion of the exponential coefficient term.
However, this term does not significantly affect the overall proof.

Similarly, we make a decomposition as

|70 <9 - B, R+ 11w, 9EEL ), (32)

Note that

h
Yy — By, [9554] = /0 0T log pr_p (V) dt = KBy, |30 (T — nh — Uph, 035 )|

1
- h/o e3(1—wh (V 108 P —nh—un (Yun) — 84(T — nh — uh,ﬂﬁi‘u)) du
1 )
= h/ ez(1-wh (V log pr—nh—un(Yun) — VlngT—nh—uh(ﬂleE_Iu)) du
0

1
+ h/o ez(1-wh (Vlong,nh,uh(ﬁSEu) — $+(T —nh — uh, 1955'“)) du.
Then, we obtain

Hffh — By, [9R54]

1
<h/\
0

1
< h/ e%(k“)hL(T — nh — uh) ‘
0

Lo

e%(l—u)h(v IngTfnhfuh(f/uh) - S*(T —nh— Uh‘7 ﬁSEu))HL du
2

Y, — oRE

n+u

1
du+h/ 6%(17u)h dugsc
]Lg 0

2(euh/2 _ 1)

1
g hg/ 6%(1_")hL(T —nh — uh)u2 (C’5)n(u)Cl7n(u) + M1 uh
0

) du [ 9,
by 1

T hB/ 65(1—u)hL(T — nh — Uh)uz |:C5n(u) (Clm(u)CQ(n) —+ 504 =+ Cg)n(u)>
0
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2(e"h —1
+ %Ml(l + Ca(n) + Cy) | du

1
+ b / 2R L(T — nh — uh)u?/2Cs  (u) du Vd
0

9(euh/2 _ 1 2(eh/?2 — 1
A=) e+ 020 )

— &g, 33
5 5 € (33)

1
+ h? / e2(I=WhL(T — nh — uh)
0
where

1 (n+u)h .
Con(u) = — / ) e2(MFWh=t 17 _ 1) de.

In the third inequality, we can directly bound ‘ Yo, — ORE!

, as it is a special case of Proposition ,
L2

where the step size is replaced by uh.
For the second term of (32), we have

IR — By, [In51]

= he%(l—Un,)hS*(T —nh — Unh71955|U> _ hEU" {e%(l—Un,)hS*(T —nh— Unh71955IU>:|

» Yn4v

1
= h/ [6%(17Un)h5*(T —nh — Un,h, ﬂEE-IUn> - e%(lfv)hs*(T — nh — vh 19REI )] do.
0

Similar to display (29), we then obtain

19751 = Eo, (9750,

2

1/2
du}

9 1/2
du dv}
L2

5 1/2
du dv}
Lo

1 1
< {E/ [h/ ez 1=l (T — (n + u)h, 9RE! ) — e3(1=hg (T — (n+v)h,1955r'v)dv}
0 0
1 1
<{[ [
0 0
1 1
<{[ /]
0 0
1 1
+ 2h (/ e(I—wh du) Escs
0

Using the same strategy as in display (30), we arrive at

e%(l—u)hs*(T _ (TL + u)h71955|u) _ e%(l—v)hs*(T _ (TL + v)h '19RE| )

y Yn+4v

11— 11—y
ez(1mwhy IngTf(nvLu)h(ﬁE«Eklu) — 2170ty 1ngT7(n+v)h<197Rzilv)
/2

e%(liu)hv IngT—(n-&-u)h(ﬂg-Ei-lu) - e%(liv)hv long—(n-i-v)h(ﬁE-E&-lv)

Lo
< ez(1mwh ||V10ng_(n+u)h(1955r'u) - Vlong_(n+u)h(195Ev)||L2
1(1—u
+ 62(1 )h ||V long_(n+u)h(’l95Ev) — Vlong—(n—&-v)h(ﬁE—Eo—lv)Hle

+ e%(lfu)h _ e%(lfu)h

HVIngTf(n+v)h(195-E-lv)||]L2
< e WNLT — (n+u)h) |0, — 0RE ||,
+er (=R (1 + |[0RE, L)
SO0k 3O [T — (04 0)h) ([ Vg — 955 |, + Colm)) + (LT — (n -+ 0)h)) 2]

ez
The second inequality follows from Assumptions [I and [2. We bound the term
||V log pT_(n+v)h(195§U) H]L2 by decomposing it as follows

+

HvIngTf(nJrv)h(ﬁ;Rzl—Ei-lv)HL2 < HVIngTf(nJrv)h(ﬂsilv) - VIngTf(n+v)h(}/(n+v)h)H]L2

+ Hv 10ng—(n+v)h(Y—(n+v)h) -V 10ng—(n+v)h(X(<(_n+7j)h))H]L2
+ Hv10ng—(n+1;)h(XT—(7L+v)h)HLz :
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Without loss of generality, we consider the case where u > v; the other case follows similarly.

197 = ol

_ (pxuh _ _ivh REI Uh 1t
= (e e2"") Hﬁn HLZ + . e dt‘
v

(ntwh | (o
/ (b= gy, / (o= iy,
nh nh

$«(T — nh, ﬂSE')HM

+

Lo
< (eHo - 1)ehoh (|1, — 3FE L+ Calm) + C)

+2(e3(umh _)esvh [esc + L(T — nh) (HY,Lh —9RE L+ cg(n)) + (dIL(T - nh))l/“']

1/2

+ [(euh 1) 4 (e — 1) — 2(e N - 6“5”’1)} V.
(34)
Here, we apply the formula in to bound the last term.
(n+u) . .
/ L (napny (€2 (70 — ez (OE0h=ty gy e (R0 4wy,
nh
Lo

(n+u)h

(n+v)h L )
= \/& / (@E((nJru)hft) _ 65((n+v)h7t))2 dt +/

1/2
e(n+u)h7t dt
h (n+v)h

ur+v u—v 1/2
_f|:( uh_ )+(eviL_1)_2(e * h_eTh):| ,

We then bound the term Hﬂfﬁ'v H]Lz following display above. To this end, let u = 0, we then have

1955, < (€2 = D([[Yan = 5], + Caln) + Cu)
+2(evh — 1) [586 + L(T — nh) (Hynh —ORE||+ cz(n)) + (dL(T - nh))l/ﬂ
+ ﬁ(e”h - 1)1/2
+ [[Yan = 955, + Ca(n) + Cu.

Additionally, we can bound HY(n_H,) h— 1925_'” ||]L2, as it is a special case of the one-step discretization

error under the Exponential Integrator scheme, where the step size is replaced by vh. Specifically, we
have

¥t = O55

2(ezvh —1
< 7"5'(’[}) HYnh . q‘grRLEIH]L2 + hQCEI(’U) + h3/2u3/2\/(305,n(7)) + vh%gsm

where
et 2 Loh 1
TEI(U) — e féh’+ )h(m(T—t)—f)dt +o h2 <C5’n('l})01,n(1)) + M, (62 )) ,
v

Q(e%vh _

o 1)M1(1 + CQ(TL) + 04)

CE'(U) = Cs’n(ﬂ) (Cl’n(’l))CQ(TL) + %(;'4 + Cg’n(v)) +

Then, we obtain

1
< {2(65(1_“)" - e%(l_“)h)e%”}’L(T — (n+u)h) [

e%(liwhv lngTf(n+u)h(195-Ei-lu) - e%(liv)hv1ongf(n+v)h(195-E&-lv) L

5+ LT~ nh)]

RN (2R 1) 4 2(e — 1)L(T — nh) +1]
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4 e3(—wh _ g5(1-v)h L(T - (n+ v)h)rﬁl(v)} ||Ynh - ﬁEEIHLz

. L(1l—w)h _ i(1-v)h
LT — (0 + 0)h) i = Le8iw)
%(l—u)h _ %(l—v)h
L R2L(T — (n+ 0)h) L€ ¢ L2 /dcs (o)

h

2 l(l—u)heévh —1
+ h*Me2 T<C2(n)+04>

12
+ B2 Mt “Wﬁ( - 1)

e%(lfv)h _ 6E(lfu)h N
+h{ . B L(T — (n + u)h) [C’g(n) + Cy + 2L(T — nh)Cs(n) + (dL(Tfnh))l/Q]
TN (14 268 (L(T = nh)Ca(n) + (AL(T = nk))/) + Ca(n) + Ci

(1—-uw)h _ Lt (1—v)h
* - | 1/2
+ - (LT = (0 + 0)R)Ca(n) + (dL(T = (n + v)) )}
uh __ vh _ - u+uh _ u—vp 1/2
+ h2L(T = (n+ u)h)ez(=wh G 1)+ (e ;L 2(e ez )] Nz
|e3(1=wh _ o3(1=0)h| g(ehvh _ 1)
+ h2es L(T — (n +v)h)
h h

1 ezuh _ 6%vh .

+hese - 20207 | LT — (n 4+ w)h)——p—— + Mies* |

Ignoring the higher-order terms, we take the supremum with respect to v and substitute it back into
the original expression, yielding

[955 = Eu, W0RE ],

Lol § 5 1/2
h{/o /0 ‘ ex(ImWhs (T — (n + u)h, 9RE,) — eV (T — (n+v)h, IRE) L dudv}
1,1 1
0o Jo
1 1/2
+ f\u—v|L(T (n+v)h)ry (v)] dudv} (b 71955'||L2
1/2
h3/2{/ / dL(T n+u)h)2|u—v|dudv} + 2hese, .
(35)
This completes the proof.
O

Now, we have

1
_ gREI| < CRE! RE
HYNh UN H]Lz ~ Mupin — 1/2 (hogglgazsf{ 1 +\f0g£n\a§/{ Co, +3€SC)
L
< Vdh—e—m o0
~ V3(Mmin — 1/2) Munin — 1/2

The desired result follows readily.
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C The proof of the upper bound of error of the second-order acceleration
scheme

This section is dedicated to proving the Wasserstein convergence result for second-order acceleration.
To this end, we first establish the following proposition.

Proposition 15. Suppose that Assumptions|[l] 6l [7] are satisfied, the following results hold.

?h — 19,513_1 H as follows,

(1) First, we have an upper bound for
Hf/h _ 19%31“ <A, e L= Hhp2 [ 1920”[L + Ay pe L= Dhp2
Lo 2
+ (hs + %\/gh?’/%(m + 1h2£(M)) (LT —nh)=3)h
sc 3 sc 2 sc

where

Apr = sup )htl /t (/OS [(1+ L(T — nh —w))L(T — nh — u)

nh<t<(n+1
+ (14 L(T = nh))L(T — nh)] du) ds,
1 t s
A, o= LS [/0 (/0 [(1+ L(T = nh — u))L(T — nh — u)
+ (14 L(T = nh))L(T — nh)] du) ds - Ca(n)

+f/ (/ +L(T—nh—u))L(T—nh—u)1/2

+ (% + L(T = nh) | L(T — nh)"/?] du) ds

+/Ot (/OS;(L(Tnhu)JrL(Tnh))du) ds«C’4}
\[\fLF

(2) Furthermore, it holds that
90|, <5 Vi 959, + H2CE0

{hasc+ SV 2elD) + h2( )} e(L(T—nh)=5)h

[Yens1yn

where
f(n+1)h(m(T—t)—%)dt + thn le(L(T—nh)—%)h

C’rSLO =A, 2€(L(T—nh)—%)h ]

Proof. Recall the expression in display (44), which states that
t

t
=90 4 / <2ﬁi° + Vog pr—nn(93°) + Ly (x5 — 93°) + M, (s — nh)> ds +/ dw,
nh
with

1
Ly =Sla+ V2108 pr—nn(93°) € R4*4,

d
1 0? 0
M, =3 == Viogpr_nn(05° 1 20) e R
n - aw?v ogpr nh(ﬁn ) atv og pr— nh(ﬁ ) S
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Plugging the estimates of V log pr_ 4 (93°), L,, and M,, into the previous display yields the follow-
ing process for z7°

¢

1

220 =950 4 / 5197510 + 5,(T — nh,93°) ds
nh

t t
+ / s (T — nh,93°) (230 — 93°) + sM) (T — nh,93°)(s — nh)ds + / dws.
nh nh

Then, we obtain

230 — 2; = (t — nh)(s.(T — nh, 93°) — Vlog pr_nn(95°))

t t

(xi’o - 1920) ds + Ln/ (zfo —xs)ds

+ (8T — nh, 95°) - L) /
nh

nh
1
+@9“uu4mﬁ$)—mgy§u—nm?

Notice that

1 1
I, = |2+ VP hogpronn030)] < 2r -t~ 36

Lo

Combining this with Assumptions [3]and [5|then provides us with
o)
7 — H]L2

t t
1
< (t—nh)ese + 525) / ||x§0 - ﬂfLOH]LQ ds + ”LHHM /h HIEO - $sH ds + i(t - nh)ngy)

nh n

I 2 1
< (L(T —nh) — 5) /h |23° — @] ds + (t — nh)ese + g\/ﬁ(t —nh)32eD) 4 5(t — nh)2e@D),

2
We omit the constant of term g\/ﬁ(t —nh)3/ 2525) in the last inequality. To handle the resulting

integral inequality, we invoke the following Gronwall-type inequality.

Lemma 16. Ler z(t) > tg satisfy the following inequality:

2(t) < a(t) Jr/t B(s)z(s)ds, t = to,

where B(s) is non-negative, and tq is the initial time. Then, the solution z(t) satisfies the following
bound:

Z(t) < aft) + /t a(s)B(s) exp </Stﬁ(r) dr) ds, t>tg.

to

Additionally, if a(t) is non-decreasing function, then
t
z(t) < at) exp (/ B(s) ds> , t>=tp.
to
Let
2(t) = |02 —
2 1
a(t) = (t — nh)eg. + g\/a(t —nh)3/2e(B) 4 i(t — nh)2e(D
1

Bt) = LT~ nh) — 5.

and set t) = nh. By Lemma|16] we have

2 1
1959, = sl < (heve + 5VA/ P+ Lt ) T o
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The original SDE can be rewritten as follows

nh-+t

- N t1 -
Vi=Tot [ (5% Viegprowo (7)) ds+ [ dwi.
0 nh

Combining this with the definition of z; in (4), we then have

- ans - 1
Y;‘/ — Tph+t = / <2Ys + V1ngT7nhfs(Yrs) - 7197510 - vlongfnh(ﬁzo) - Ln(xthrs - 1920) - Mns> ds
0

DO =

t
:/ L, (Y — Tppys)ds + < Ys + Viogpr_nn_ S(Y)—fﬁso Viegpr_ nh(ﬁ )) ds

0

t S
—/(/Ldeu)ds—/( Mdu)
0 0
t - S 1 -

:/ Ln(Ys—xnhH)der/ </ d( w+ Viogpr—nn—u(Ya ))> ds

0 0 0

t

2

t s s
—/ </ Lndifudu) ds—/ </ Mndu) ds.
0 0 0 0

1~ N
We then apply the It6 formula to the term d (2Yu + Vlog anhu(Yu)> . Recall the definitions

of L,, and M,,, and after rearranging the expression, we obtain
t
Vo~ unss = [ La(Fa = auns) ds+/ (/ V2108 pr—nn—u(Ta) = V2 1og pr_nn (To) Ao ) s
0

I II

\;
| —
o\
//~
M\H

d
Z long nh— u( ) a1‘VIngT nh— u(i/ )>

III

In what follows, we derive the upper bounds for each term on the right-hand side of the previous
display.

III

N |

d 92
> 2 long_nh(maNlong_nh(Yo)) du} s

J=1

Upper bound for term I: The upper bound of the term I follows directly from the fact that

Zally, < LT —nh) - 5.
Upper bound for term II: To derive the upper bound for the second term, we expand the term dY,,,
yielding

/ V2 log pr—n—u (V) — V2 log pr—nn (Vo) A,

Lo

1~ .
H/ (V*1og pr—ni— w(Yo) = V2 log pr_ nh(YO))(iyu+V10ngfnh7u(Yu)> du

Lo

_|_

/ (v 1ngT nh— u( ) v 1ngT nh(YO)) dW
0

Lo

du

/ HV lngT nh— u( ) V long nh(Yb)
L2

U

1=~ ~
: ’2Yu + Vv lngTfnhfu (Yu)

) 1/2
du) .
Lo

2

long nh— u( ) VQ long nh(Yb)

0
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The second inequality follows from display (28). We note that by Assumptions[6|and[7] it holds that

HV2 108 pr—nh—u(Yu) — V2 1og pr—nn (Vo) .

2

HV log pr—nh—u(Yu) — V2 1log pr—nn(Ya +HV log pr—nn(Yy) — VZlog pr— nh(YO)‘

Lo

<Moh(

)+LF’ ~u_
2

Lo

<Mah + (Lp + M3h) ‘ Y, —
SLpVdu,

Combining this with the previous display provides us with

Lo /
+ (/ Lidu du)
0

I, = H/ </ V2108 pr—nh—u(Yy) — VZlog pr_ nh(YO)dY> ds

ol + Mk |52,

/ VQ long nh— u( ) VQ long nh(%) dY Y +v10ng nh— u(}}u) du

Lo
1/2

Hence, we obtain

Lo

ds
Lo

s 1/2
du + </ L%dudu) ] ds
L, 0

(38)

/ VQ long nh— u( ) VQ long th(YO) dY

s 1~ -
/ Lrvdu- H2Yu +V long—nh—u(Yu)
0

</
0

2
< %LFJ&#.

Upper bound for term I1I:

In Section 4, it is claimed that the partial derivative of V log p; with respect to ¢ can be estimated
without requiring additional assumptions. This is achieved by transforming the ¢-derivative into
z-derivative via the Fokker-Planck equation, as detailed below.

1 1 02py()
pe(z) + xTth 52 2 : (39)

7,

Opi(w) =

d
PLe
We need the following auxiliary lemma.

Lemma 17. Let p; be the probability density function of X;, then

L Ppi(x) 1
oz p(x)

= Tr (V? log pi(2)) + ||V log pe ()|,

i=1

d 2 "
v <_ : 5;; )> ' piw) =V (Te(V* log pu())) + V(IV log pu() )

[ (VZlogpe(x)) + ||V log ps(z )Iﬂ-Vlogpt(w)-

We begin by taking the gradient of log p;, and then compute the partial derivative of V log p; with
respect to ¢. This results in

t(z) _ O¢pe ()
pe(x) pe(z) pie(x)

0:Vlog ps(z) = 0, (th($)> _ % Vpi(zr) Vp

pi(7)
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Under certain regularlty condmons we can interchange the operators J; and V in the term 9, Vp(z),
and substitute 9;p,(z) by (39), it follows that

Vo d 1.0 1
0V logpu(z) = 22U _ G 1og p(a). <2+xTV10gpt(r)+zz g;(;:), ) .

()

and

VO, (x 1 d 1 1<k 92 (T
pfx() ) N pe() v <2pt(x) * §xTth($) " 2 Z z )>

_dVpi(z) | 1Vp(a)  1Vpy(a)z | 1 Ppi(z)) 1
T3 i n T2 o T2V A\ o ) Pi(@)

— divlo g pe(z) + LVipi(@)x n %V (Z ant(a:)> . ptl

2 p(x)

Therefore, we obtain that

_d+1 1 0%py () 1
iV logpi(w) = == Vlogpi(a) + 53— 5= + 3V (Z 2 ) )

d 1 1 2
— Vlog p(x) - <2+ —2 ' Vlogpi(z )+§; 022

1 1 (V2pi(z)z T
— V1 S (YR g 1
5 Vlogpi () + 3 ( @)V og py(2)V log py(x) x)
d d
1 9°pi(x) 11 Ppy(z) 1
- . — V1 . .
* 2V <i_l Ox? pe(x) 2V og () — 0z} pila)

By Lemma|I7] the last two terms above can be calculated. Additionally, it holds that
VZpi(z)  Vpi(2)Vpe(a)
pe(x) pe(x)?

V2 log pi(z) =
Thus, 0;V log p;(x) can be simplified to
0:V log pi(z) = %Vlogpt(x) + %Vz log pi(x)z
5 [V (1T 08 m(e) + V(I 0gm ()]
+ 5 (T 0gp (@) + |V ogpi(@)]) - Vlog py(2)
— S Vlogpu(a) (TH(V logpi() + [V o5 pu(a) )

1 1 1 1
= 5 Vlogpy() + §V2 log pe () + §V(TF(V2 log p¢(z))) + §V(||Vlogpt(w)\l2)~

Notice that
2

d
0 1
> 5oaViogpi(e) = 5V (Tr(V2log pi(a))):
— 0] 2
Then, it follows that

Vlogpi(x) — 0,V log pi(x)

2
{L‘]

[
=

N | =
H'M&
)

1 1 1
3V IoEm (o) + 5V logpi(a)a + 1V (IV o)1)

||
to\»—*/—\

—= (Vlogpi(z) + VZlog py(2)x) + V*log ps(z) - Vlog py ().
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Therefore we have

d

1 0? > %

5 2 552 V108 pr—nn—u(Ya) = 8,V logpr_nh—u(Ya)
j:l J ]142

1 - -
< 5 |[V10gpr-nn-u(¥2) v,

1loe ~
a 1 —nh—u Yu
Lo + 2 HV 08 pr-nh—u(Yu)

Lo Lo

+ HV2 108 p7—nh—u(Ya) . Viog pr—nh—u(Yu)

2 Lo

1 ~ 1 -
< Hv log pr—nn-u(¥a)|| + 2 L(T — nh —w) ‘ v,
2 Ly, 2

. + L(T — nh —u) HVIong_nh_u(f’u)
2

Ly

The second inequality follows from Assumption E The bounds for ‘}7“ and

| V108 pr-n-u(¥a)

Lo

. can be derived according to the proof of Lemma We then find
2

d

1L o2 . ;

5 Z @v longfnhfu(Yu) — BtV long,nh,u(Yu)
j:l J ]Lz

1 N -
<5 |V1ogpr-mn-u(¥a) v,

1
SL(T —nh — ‘
]L2+2 ( " u)

+ L(T — nh —u) HVIong,nh,u(ffu)
2

L. Lo

< (% + L(T —nh — u)) [L(T —nh —u)(||Yon — ﬂfLOHLQ + Ca(n)) + (dL(T — nh — u))l/z}
+ %L(T —nh — u)( [Yon = 33°][, + Caln) + 04) :

Therefore, we obtain

Lol a o2 - -
HIIIH]L2 g/ / §ZWV10ng—nh—u(Yu) _atVIngT—nh—u(Yu) duds
0 Jo = 9%

Lo
t s
+ /
0 Jo
S

t —nh—u —nh—u -n —-n u | ds- — 90
</O(/O [(1+ L(T — nh — w))L(T — nh — u) + (1 + L(T — nh))L(T h)]d)d [Yor = 932,

0?2 ~ -
Wv log pr—nin(Yo) — 0:V log pr—nin(Yo) duds
J

Lo

d
j=1

N =

+/Ot (/0 [(1+ L(T — nh — u))L(T — nh — u) + (1 + L(T — nh))L(T — nh)] du> ds - Cy(n)
+ \/&/Ot (/O {(; + L(T — nh — w))L(T — nh —u)"/? + (% + L(T — nh))L(T — nh)l/ﬂ du> ds

+/Ot (/OS;(L(T—nh—u)—i—L(T—nh))du) ds-Cy.

(40)
For simplicity, we focus on the lowest-order term. Recall equations (36)), and (40), which lead to
the following expression

- IR 50 2
‘ ¥~ wune | g(L(T —nh) — 5) /0 ‘ Y= wungs| ds + (An,1 [Yor = 05|, + An,z) 2,
where
1 t s
Apr= sp / (/ (1 + L(T = nh — u))L(T = nh — u) + (1 + L(T — nh))L(T — nh)] du) ds,
nh<t<(n+1)Rt" Jo \Jo
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and

1
Apo = sup 5
nh<t<(n+1)h b

+*[/ </0{ + L(T — nh —u))L(T — nh — u)'/* + (;+L( — nh))L(T h)l/z] du) ds

+/0 (/OS;(L(T nh—u)-i-L(T—nh))dU) d8'04}

\[xf dLp.
Using Lemma@wnh
Z(t) = Hi/t - xnh-{-tH
Lo
aft) = (Ana [[Yan = 02|, + An2) -

1

B(t) = L(T — nh) — 5

set tg = nh, we then obtain
- 1
HYV}L - x(n«kl)hH]L g (An,l HYnh - ﬂZOHLQ + An,?)hz €xXp ((L(T - Tlh) - 2)h>
2

_ A, ( L(T—- nh)——)thHY _’9$OH LA, LeL(T=nh)=3)hp2.
Invoking display (37), we arrive at
7. -

n+1 Hf/h - x(n+1)hHL2 + ||19§L?-1 - z(n+1)h||1L2

< An,le(L(T_”h)_%)th HYnh _ 19§LOH]L2 + An’ze(L(T—nh —%)th
2 1
+ {hasc + §h3/2\/&e§£> + 5h25g¥ )} e(H(T=nh)=5)h

Furthermore, we can bound the coefficients A,, ; and A,, 5 as follows,

1 t S
- / (/ 2(1 + Lmax)Lmax du) ds = (]- + Lmax)Lmaxa
0 0

An,l < t2

1
An2 € (14 Limax) LmaxCa(n) + \/>( + LmaX)Lxln/aQX LoxCa + £\[LF

2
<f( + Linax) LY2 .+ %\/QLF.

Collecting all the pieces then gives

2 1 1
[Yon =952, . < 750 |[Yon — 00|l + CSOn2 + [hasc+3h3/ze§ﬁ)+2h25§ﬂ“ (LT=nh)= Db

where
(n+1)h
Tio — e I ) (m(T—t)—3)dt +An71€(L(T7nh)7%)hh27

C'ISLO = A, 2€(L(T7nh)7%)h )

O
From the result above, we finally obtain
1 2 1 1
SO SO 1/2 (L M Linax—2)h
||YNh7"-9N H]Lg 5 m h0<in<aj%<_lck + (€SC+3h / Egc)+§h€gc )> 6( 2) :|

1,3/2 Lmax—3)h
<p. Vd(Lifax + V2Lp /4)el 3) . 2 hdeD) 4 lhE(JVI) o(Lmax—%)h
~ mmln _ 1/2 3 sc 2 sc

This completes the proof of Theorem 4]
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D Proof of Auxiliary Lemma

D.1 Proof of Lemmal§|

We have
W 2<Hth, d(th;Gt)>
9 <Ht ~Goy L (H, ~ o) + (Viogpr—(H,) ~ V long—t(Gt>)> @1
= ||H; — Gi||* + 2(H; — Gy, Vogpr_(Hy) — Vogpr_i(Gy))
< (1—2m(T —t)) | H, — Gi|* .
The last inequality follows from Lemma [6. Then, we take the derivative of

o f:l (2m(T—s)—1)ds ||Ht _ Gt||2

d ¢ m —S)— S
G e

[t (2m(T—s)—1) ds e Co-nyas d||He — Gi|?
= (m(T — 1)~ ) TN gy gy o o Crer—-nas A Gl
< 0.

Therefore, we obtain that

e‘ftl (Qm(Tis)il) d ||Ht - Gt||2 < ||Htt - th ||2 :

taking the expectation of both sides and then applying the square root yields the desired result.

D.2 Proof of Lemma 10|

By the definition of Y}, we have

t 1~ N nh+t
/ (§Ys + Vlogpr—nn—s(Ys))ds + / dWs
0 n

h
i 1 nh+t
[ [
0 2 nh

To bound the first term, we observe that for any s € [0, h], the following holds

Hfft ~ Y
Lo

Lo

Y,

t
dt+ [ |iogpromu(T)ds+
Lo 0

L.
2 L

Y/s ffs - Ynh+s

< Wanssly, + |
Lo

Lo

< Wanss = Xl + [ Xinally, + | %5 = Yanss

Lo
<em fonh+5(m(T7t)7%)dt ||YO o X(T”M + HXT—(7W+S)HLZ +e” J2(m(T—uw)— %) du ||Ynh _ 19|7ELM||IL2

_ nh 1
< e Jo" m(T-) z)dtHYO_XTHML sup \\Xt||L2+||KL;L—795M||L2-
0<t<T

Here, the second inequality follows from the Gronwall inequality applied on HYnh+5 = X his ||]L2
and ’ Y, — Yphts|| . and the fact that 1 Xellp, = ||X:,f
Lo

il
the following lemma.

. To bound the second term, we need

Lemma 18. If the target distribution py satisfies Assumption|[l] it holds that

IV log pi (X)lly,, < (dL(t)"/>.
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According to Lemma(I8] it follows that

|V 108 1o (F2)

Lo

HVlong nh—s(Ys) = V1og pr_nn—s(X5his) Lz+Hlengfnhfs(X7;l+s)H]L2

< L(T —nh — s) + (dL(T — nh — s))'/?

nh+9

< L(T —nh — s) HYO— (dL( ~nh — s))/?

< L(T — nh — s) (HYO Yo

\L + Yo — X5l ) (dL(T = nh — 5))"/2
2

1

< L(T —nh —s) (||Ynh - 195M||L2 e ot mT-t=-g)dt |y Xrlly,) + (dL(T — nh — s))l/Q.

Here, we use the fact that Y, = YEM and Gronwall inequality are used in the third inequality and the

last one. This completes the proof.

D.3 Proof of Lemma/[13|

For the stochastic integral of process X, we have

t
=F / X2d(M
0
Then, we obtain

(n+Un)h 1 (nt+u)h 2
nh 0 nh

Lo

2
(n+1)h
=E (/ / 1y, <y Y (ntU)n<t<nruny + Lo, >uy Y (ntwh<t< (U, )ny AWy du>
0

1 (n+1)h 2
< / E / L, <cuyl{(ntv)h<t<(nruwny + Lo, >u} l{(ntwh<t<(nrv,)ny AWe | du
0 nh

1 (n+1)h
= / (E / Lv, <uylintv)nst<(ntwny T Lo, >t lm+wh<t<(n+0,)n} df) du
0 nh

1
_ /0 (E (1, cuy (4 — Un)h+ 10,503 (U — w)h)) du

:h/ol(uQ—u—&—;)du

D.4 Proof of Lemma[I6

Define the function w(s) via

5) = exp (— /t B(r)dr) /t Br)=(r)dr, Vs > to.

Differentiating this function gives

W)= (+66) - t:mr)z(r)dr) e (- t:mr)dr) <ale) e (- t:mr)dr).
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Note that w(ty) = 0. Integrating the function w from ¢y to ¢ yields

wlt) < [ aos(s)e (- “atryar) as

to

By the definition of w(s), we also have

/ B(s)2(s) ds = exp ( / B(r) dr) w(t).

Combining the previous two displays provides us with

/t: B(s)z(s)ds < /t: a(s)B(s) exp (/: B(r) dr) ds.

By substituting this estimate into the inequality, we can obtain the first desired result. Furthermore, if
« is non-decreasing, then for any s < ¢, it holds that «(s) < «(t). This leads to

(1) < a(t) + alt) sy ( [ () ar) as

which can be simplified to

t
z(t) < a(t) exp (/ B(r) dr) , t>=to.

to
This completes the proof.
D.5 Proof of Lemma[17]
Notice that

1 1

———Vpi(2)Vpi(2) " + ——Vpi(x
pi(x)? Pi(e)Vpe() pe(7) 2i()
— — Viogpy(a)Vlogpr(z) " +

VZlogpi(z) = —

1 2
pe(2) Vopi(),

which indicates

}d Ppi(x) 1 I o
22 " 0x7 pua) (5 o)

NN~ N =

Tr (V2 log pi(z) + Vlogpi(z)V logpt(x)T>
1
Tr (V2 logpt(x)) + 2 ||V10gp,5(:r)||2 ,

Additionally, we have
v 02 log py () -V 32107:(93)' L 3pt($)_ 1)
0z? oz p(x) Ozr;  pi(x)
Ppe(a) 1 Pple) 1 dlogpi(x) \*
g . —_ . . 1 J— _ .
V(%5) w9 ()
Then, we obtain

d
0?py () 1
v ( Ox? ) . pe ()

i=1

=V (Tr(V?log pe(x))) + [Tr(VQ log pi(@)) + ||V log pe(2)]1*| - Viog pi(z) + V(||V log pe (@) ?).
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D.6 Proof of Lemma

Note that

B Tog (X017) = [ | IV 108 pu(o)]” pu(o) o

= lim (Vlogpi(x), Vlog pi(z))pe(x) dx
R—o0 B(O,R)
= lim (Vlogpi(x), Vp(z)) da

R—o0 B(O,R)

where B(0, R) denotes the Euclidean ball with radius R > 0 centered at the origin. Using integration
by parts, we then obtain

ds

BV () = fim [ pwatogpadet [ g e

E—o0 JB(0,R) 9B(0,R) on
/dpt(x) - (—Alogpi(x)) dz

R
<dL(?),

9 . — - .
where 8—{ = Vf - ii represents the directional derivative along the normal vector 77 and d.S denotes
i

the surface integral over the spherical surface. Here we use the fact that p;(x) converges to 0 at an
exponential rate as ||x|| approaches infinity, and the fact that

—Alogpi(z) = —Tr(V log py () € [0,dL(1)],

which follows from Lemmal[6]

E Details for second-order acceleration

In this section, we present a complete derivation of the second-order acceleration scheme, detailing
the implementation of It6-Taylor expansions and It6’s formula. Building upon the general backward
process framework

dry =~y(T — t,x¢) dt + o AWy, (42)

where o > 0 and W, is the d-dimensional Brownian motion. We apply Itd’s formula to (T — ¢, x).
This procedure generates an approximated structure of SDE (42),

dey = [Y(T = s,25) + Ls(xs — xs) + Ms(t — 8)] dt + o dW;. 43)
with
0 % 0%y 0y
s az( s,xs) and M 5 8:52( 8,Ts) 5'15( S, Ts)

which serves as the foundation for our subsequent second-order discretization.In Section E, we
demonstrate that this approximation preserves the core dynamical structure of the original SDE
(42) while admitting a closed-form solution. This is achieved by replacing the intractable drift term
~(T — t, xs) with its Itd-expanded counterpart, which remains analytical tractable through explicit
integration.

Applying It6’s formula to e~ Lstx; yields
de Letay) = e Lot (Y (T — s,25) — Ly + My(t — 5))dt + e L=t dW;.

For fixed s, both sides of the equation permit closed-form integration. While the Brownian integral
A
SHAL - Lity dW, formally appears non-analytic, it equivalently manifests as a Gaussian random

variable with explicitly computable variance. This enables full analytical representation for x,4 a¢
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when integrating over [s, s + At],

s+At
Ts+At = eLSAtxs + / elalerat=t) dt(y(T — s,2s) — Lsxs)
s

s+At s+At
+ / eL‘S(S+At_t)(t —s)dt M + a/ els (sHAL=1) qpy,
=z + L7 el A — D)y(T — s, 2,) + L2 [(eLsAt —1) — LyAt] M,

s+At
+ O'/ els(stAt=w) g7,
S

Having established the general framework, we now specialize to our core case through the parameter-

1
ization: set y(T' — t,z) = 5% + Viogpr_i(z),0 = 1,1let At € [0, h] and s = nh.

In the resulting expression, we denote x5 by ¥5°. Then for any ¢ € [nh, (n + 1)h], the solution
admits the semi-analytic representation

t
1
5= 050+ [ (G050 Vlogpr_un(95°) @
nh
t
L =050 M) dut [ aw,
nh
where

1
Ln - ild + VQ long—nh(ﬂfLo)

1N 92 d
My, =5 2_:1 g ¥ 108pr-nn(032) = 5V g (97°)
Though L,, and M,, are theoretically defined through exact derivatives in SDE (3], their practical
evaluation requires approximations due to the score function’s computational intractability. We
implement these approximations via numerical methods or neural networks, with concrete techniques
for L,, and M, estimation provided separately in Appendix [F| Substituting these approximations into
the SDE yields
t

5= 00+ [ (AT 1, 950) 4 ST, 950)a, — 050)
nh

t
+ M) (T — nh,93°) (u — nh)) du + / dw, .
nh
Crucially, this substitution preserves the closed-form integrability of the original framework. Adopting
the same exponential integration strategy as above, we derive a closed form of z;. Let ﬂfﬁ’rl denote

T(n+1)h- the second-order discretization scheme is given by
1
9501 =950 + s(T — b, 950) 71 (e MmO ) (Qﬁio + 5.(T = nh, ﬂio))
58T =, 950) 2 (IO BN b 930)h — 1) s (T — i, 950)

(n+1)h
+ / esgm (T—nh,93°)[(n+1)h—t] aw, .
nh

Implementation specifics for handling the matrix exponentials and stochastic integral are addressed

in Appendix [G.

F Numerical Studies on Synthetic Data

We apply the five schemes to the posterior density of penalized logistic regression, defined by
po(0) x exp(—f(0)) with the potential function

MNdata

S log(1 + exp(—yiz; 0)),

i=1

A
7(6) = 516 +

data
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Wasserstein Distance
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Figure 2: Error of various discretization schemes and second-order sampler with different choice of
step size.

where A > 0 denotes the tuning parameter. The data {x;,y;};***, composed of binary labels
y; € {—1,1} and features x; € R? generated from z; ; wd (0, 100).

F.1 Implementation Details

In the numerical studies, we set 7' = 10, and the number of Monte Carlo iterations is chosen as the
floor of T'/h, where h varies according to the step size indicated in the figure. Figurelz shows the
Wasserstein distance measured along the first dimension between the empirical distributions of the
N-th outputs from SGMs and the target distribution, with different choices of the step size h. In this
simulation, we use the Monte-Carlo method to estimate the score function and the Hessian matrix.

F.2 Calculation

In this part, we derive explicit formulas for each coefficient term we need. First, the score function
can be computed as

1 &R —yziexp(—yiz; 6)
Vio 0)=— | N0+ L
gpo(0) ( Ndata ; 1+ exp(—y;z] 0)
— x4+t ni: Vi
Ndata < 1 +exp(yiz]0) |
1
For simplicity, we denote the logistic sigmoid function o (u) = Trew then
e
1 Mdata T
Vlogpo(0) = — | A0 + Z —yiwio(—y;z; 0) | .
Ndata ;]

Since o’ (u) = o(u)[1 — o(u)], we have

Ndata =1

Ndata

Z o(—yiz] 0) [1 — o(—yiz] 0)] 2z .

i=1
As z;x] =0, VZlogpo(0) < —Aly. We also have that o(1 — y;z,' 0) € (0,1), then

1 Ndata
V?logpo(0) = — <)\Id + > yio(—yixl0) [1 — o(—yx]0)] a?m?)

=—Ag—

Ndata

Ndata
\V& logpo(0) = — A\ly — Z x|

i
i=1

Ndata

1
= At —Amax (Y miz)))Ia
=1

Ndata
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Therefore,

1 Mdata
mo =2\, Lo=A4+ —Anax( Yz, ).
0 0 Ndata (; )
Recall that the transition probability p;jo(0¢|00) = ¢(04; pit, Xt), where 1y = e 2y, %, = (1 —
e 1)1y, and ¢(60, i, X2) denotes the probability density function of A(u, 32), then we have

pe(0;) = /Rd Pt)0(0¢]00)po(00) Ao

1 1 B
= W eXP(—§(9t — p1t) "2 (0 — 111))po(60) dbo
1 1

B /R 2r(1 — e t)]

1 9
21— e 1) 16 — e~ 2"60[1*)po(60) dbo

73 exp(—

1 1 _1li0 19
= e [P =<l
Hence,
1 1 —Ltp 12
Vpi(0:) = WEQONPO v eXP(_mHQt — e 2°0[%)
1 1 —1 —(0: — e~ %%00)
= _[Ep - — 5t 2y, A\t = 7 70
(1 — e | g ey I I T
1 1 _1
VEpe(0r) = WE%NPO [GXP(Q(l_e_t)Wt —e"=0|)

(6= e72400) (6, — e~ 760p) " 1,
(1—e?)? T—et )|

We can approximate p;(6;), Vp:(6;) and V?p,(6;) or even higher order derivative tensor of p;(6;)
by Monte Carlo method, therefore, we can compute score function and its high order derivative by

_ Vp(6y) V2pi(0:)  Vpi(6:)Vp:(6:) "
pt(et) ’ pt(et) pt(et)Q

G Real Data Analysis

Vlog p:(6;) v? log pi(0:) =

G.1 Implementation Details

We set the step size h = 0.2 and N = 2/h. We conducted experiments on an NVIDIA RTX 4060
GPU (16GB VRAM). The training process required 2 GPU hours over 100 epochs with a batch size
of 32, using CUDA 12.4, PyTorch 2.4, and torchvision 0.20.0. Figure [3 shows the digits generated
by five algorithms, using the same score functions. The execution times for the algorithms are as
follows: EM method 2 hour 12 min 49 s, El method 2 hour 12 min 50 s, REM method 2 hour 13 min
30s, RElI method 2 hour 13 min 47 s, SO method 2 hour 14 min 05s.

G.2 Score matching function for second order acceleration

For the MNIST dataset, we have demonstrated in the proof of Proposition[I3 that computing third-
order derivatives is unnecessary. Unlike existing high-order methods for estimating second-order
scores [28]], which require the joint training of score functions and Hessian matrices and consequently
incur substantial computational overhead, our second-order algorithm avoids explicit computation
of the Jacobian matrix. Furthermore, by employing Hessian-vector products (HVPs), we efficiently
capture higher-order information, enabling our second-order acceleration method to achieve improved
performance with reduced iteration complexity and manageable computational cost.

More specifically, in the experiments of the MNIST dataset, we construct a U-Net architecture incor-
porating time and label embeddings to train the score function, where the time embedding operates
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Figure 3: Comparative visualization of generated MNIST digits under various discretization schemes.

on the temporal variable ¢ of the score function, while the label embedding leverages MNIST’s cate-
gorical digit labels. This conditional formulation expresses the score function as V log p(¢, x|label),
enabling per-class score estimation through discriminative embedding propagation.

Recall iteration rule of the SO algorithm, we have

1
5% = 050 + s (T — i, 9507 (T TOR  ) ('1950 +5.(T —nh 1950))

2 n k) n

+ (T = nh, 950) 2 (esi“(T—"hvﬂ?f’ I s\ — b, 9SOV — Id) sM(T — nh, 95°)

) n

(n+1)h
_|_/ esiL)(T—nh,ﬂio)[(n—o—l)h—t] dw, .
nh

Note that

(n+1)h
/ esiﬂ(Tfnh,ﬂio)[(nJrl)hft] AW, ~ N (07 %SiL) (T - nh,ﬁf,lo)*l (625iL)(T7nh,19i9)h _ Id)) '
nh

Let g, (-) := s.(T — nh,-) denote the score matching function at time 7' — nh. Although the
approximation of the Hessian matrix V2 log pr_,5(+) will not explicitly appear in the algorithmic
implementation, we formally designate it as H,,(-) for notational clarity. Consequently, the estimators
of L,, and M, are chosen to be

1
s$N(T — nh, 93°) = g la+ Hi(50)

1 1
SHUT = b, 030) = = 2ga(030) = Ha(022) (5930 + 9a(93°)).

Employing the Taylor expansion, we have
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1/2 [}

1

O (1) | = VRS an
k=0

15 1 79 _3 71
where (ao, a1, a2, a3,a4,as5,a6---) = (1,3, 515 16> 5765 1550 193536~ )- We thus reformulate

all operators in the discretization scheme using matrix multiplications, which is a crucial step that
avoids the explicit computation and storage of the full Hessian matrix H;. This is achieved by
leveraging Hessian-vector products (HVPs) via automatic differentiation, which reduces memory
complexity to O(d) while retaining second-order curvature information. Specifically, given that
gn corresponds to the neural network’s output and H,, represents its Jacobian matrix, we compute
H,v for any vector v through PyTorch’s reverse-mode differentiation (torch.autograd.grad).
By iteratively applying this HVP procedure k times, we efficiently construct H*v for any k > 0.
Through Taylor series expansion, these HVP-powerd computations enable precise evaluation of each
term in the discretization scheme.
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